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Abstract: In numerous measurement scenarios within the aerospace domain, signal phase informa-
tion often faces susceptibility to degradation. This article endeavors to address the challenge of
phase retrieval amidst the presence of outliers. Leveraging the robustness of the median against
outliers, it serves as a standard regularization technique to intercept phaseless measurements.
However, this interception can potentially reduce available measurements and escalate
measurement complexity. To surmount this obstacle, a novel weighted median truncation algo-
rithm is proposed. This algorithm integrates weights that aptly capture the likelihood of referring
to the original signal, thereby delving deeper into the available information of unmeasured values.
Comparative analysis reveals that this approach offers superior measurement complexity and resili-
ence against outlier interference when juxtaposed with similar algorithms.

Key words: Phase retrieval; Outliers; Median truncated

22 AR AR R SR AT R AR 14 i 2 )

WA, TR BB S AR L A R L e
SHMALAEVFZ MR I P i o SRS A BN, AR I S S B A AR
%‘—E’Jﬁl@“-, HFHAAEZEE O T A SRS W R R AT SR, XA R e A Bz

0 35

il

KRB 2024-01-23; 1EITHHEA: 2024-04-08

E£WB: EFRAKRP¥ISE (62071149 3 AR ARBI#ILSE (616711775 WHGAIHT oL IF i 4

EE®E N ZHRA (1997, B, LAk, EEOET R IHEMKE R, BElE BB A

BEMEEEN: 47 979>, B, #E, WA, BT E S BORFR G REA . WsifF 508 &%
A . AR S



5% 3

S WA T PR A Hh R ASBOR (2 A0 3R 5Tk 45

FAAE T Ho A 25 BB 3 5 b, ) dn R e Y
S AR R ML ARSI A i =2 i R 1 [ R
i 2 ] A R G A I i 25 SR RAE S E AT A
CAT 7 0 I e TF I 5 . 3 K% 33 A A ) T £k A
Y BE A S X AR 5 R AT K AT Y o AR AR O A AL
gk, B IX o 85 w15 o Ak B R A A B
HLTE 55 0 S A A X — 5 AR R fE AR A A R BT
PR T 2408, a0 ISAR &k g M1
L MR T N, R A A
i 2% ) R R 3 A AT FL 2 NP ey, B R AR
AR AR oK A kw8 i, W Gerchberg
Saxton (GS) BN MAfLFETF (PhaseLift) 5
B0 Wirtinger 3 (Wirtinger Flow) 2302 #HL
Wirtinger i ( Truncated Wirtinger Flow, TWF) &
BRI T X Wirtinger i (Generalized Wirtinger
Flow, GWF) Sk 4,

TETCAHM S B P & SAFEAR T, &%
ESS N WiV a2 R RN W NITTES - NS ¢
BRRL. SR TR T AL A R (]
BB, BRI e, s
2/ N N IR RV e i B N U 11 o (T 7 = B
QBT XA L A A A, Fu S04 T —Fb
U3 T8 >R A 45 7 R R0 nASCRE A7 R 7 k. BF
FEICN T BT SCR A R F AR L i 4
SRR AR S AT M S [ 43 A ) BE BL i S I Y
R BEAR R, PR SR R S BE LA A R, B X X
— BB N Y SR E T, Hand '™ 3E B AH 07 42 7+
(PhaseLift) 53k 89—AE AT DX AR 2 09 8 5
T, SR R R T P A 1 R B g it
AT, TR TR T RER BT W T
PR LY YR, R A BRI A e
B, {HB PSR UE, Zhang P H T PE R
B Wirtinger W ( Median-Truncated Wirtinger
Flow. Median-TWF) 5 3% fl {5 & %3 Wirtinger
i ( Median-Reshaped Wirtinger Flow, Median-
RWEF) 8, XA T EERAMITEERER
[F] i B R4 ) 3 O UE SR T AE AT X
HEAETE BT R R b, BB 5T 4 00 I B PR
A B AR AT P T B DU A, 3XOAS AT RE A b 4
fe I JCAH I A e AR Y A R

BT B ALAR 57 K 2R BN 1 S T 0 1]
SCrR AR T — A RO L T R O A Al 8 i A (B
#HL (Weighted Median Truncated, WMT) &,
TE AT T (6 48 LR W A A L, 0 A A R B %
et (RG] LR AR A8 ) 1E 50 )5 5 R A AU
B0 SR il 3k AR o i) O B 3% AR 2D BR R AT A Ak B
B 5 FLI U T AR S A A DL e
A J7 ¥ A LG TE XS BT S (T A0 R R D A Ak
JE 7 R B P . FE TR B, 3 R TR A6 A
ENCREIN RS N A ERE OB I RIR 53 NN
AT 155 A0 K 2 9 PR B R AT 5 4 . 40 78 B 18 I 4 |
P 2R SR A B B b, ME A A0 A 5 A L D X
THRORAT 55 T 220G B, i K 3 b Rk
TR R, W LLRE G R 6 SR T, R
B Ak B A R 0 E AR DA HE Bl T R R Y
KIE,

1 iR EBRE R R EIRRIE

L1 i EHREZE

AFASE 4G 2R 7] A1 A 502 4008 S AR S — O R 4
SRR RTRE SO 2 B 4 R B ME (5]
B KA AR Al 3T (Maximum Likelihood Estimate,
MLE) ) [A]i#

o 1
minmizeR(z) . :le(z; vi) [@D)
<€Rn m

Hor, v MICHM AR, (=5 y,) AT LA JE T 08
JEL L BT R B AR DG IA A R AR B4 K R
B m DR BT 22 5 K R RS
W3CHR [23].

JIr i B8k B e e /N A O BRI RO Al T RS
F o HOR G 7 4 55 00 B A0 A T O DU RS BT B
MPEIRE A A 22 Bk . 15 42 T P E P B 19X 5+
WAL B F P, R PTA AE BR T 2R R R (E
v Xk I A I 45 SR AT AR, AT R A S
WA R LT, BT 82 i A Sk A8+ A R
TESL A — Wy BL, B So Xl 15 B 9 s 5 B AT
RS TE . B THE S = AT RIAAR T . T ORAE
SRS B B, Rk T IE AR RS B R KR B 7
EXE 2 BEATIERREAOR AR . AR S 5 A At
IR EERBURE A AR IR 1.



46 FLEAEEA

2024 4 5 A

F1 MRFEHENREEZLRE

Tab. 1

Weighted median truncated algorithm

S L B AR

fA s TAHMAEER y, R (i

S8 WRBERET, BRPK . BESH Y, B, THEHERZH o, o

. - L1 . NP
WA 20 = Vmed(y)/0,,(K)z, Hrihz E':‘;Ey}/a,a?l{( | vi | << aZA3) WAL FRAE (4
i=1

EHER: X Fe=0. T—1, MFEREE

p N aTz®
2D :Z(”**wa” alz® — /y; ———)a
m ey \a,z‘ \
Hep, 0@ =1/Q4+p(Vy; /alz®)), 1<i<m
El: ={G|dist, <af » med(dist,)}s disty, = | /3y, — |alz@ | |
iy, 2 (TD

1.2 AR EEHREENEIRRIE
TG, HBATTHES 2 R LS RE, &
XOIR AR IRE . 4 s B /NEE, PR IR(E
Ao =+/med(y)/0,,(K) (2)
Hrp, 0., (K) A KW 1/2 5508, Hp K ARy
Sy A AR i B R, med(y) = 0, ({(y, 1),
XA T, 2 om/n R KA, X TFEES
ERS =0, ATLIEE dist(z, x) <8, Hrhz Jw
AT M) . 25 A 25 R b R WEE R 7 B0 BG Ak, I
2SN GE IR )
2 =./med(y)/0,,(K)z (3)
M5 RN

dmummwgﬁwu 4

FETORk, M AL S S A S
R IRIE., MK p PIRA +p (1.8+8)° /NF
—EAE IS, BT 5 Bk P e B6 5 A0 3R P i 2 AR
Y R, (z) W IE WAL A6 PR, 532 7T DLAE TG
W75 B0 T SR IE B AR S x o R IE AR 2R
TR BCE R R . HZ R |h .
cllxl. A

WRwumhu>%WRwqu+%wwv(w

e —xl<

W AFREBEY R .\, () W 2 TE WAL 25 1. 7E I 25 1
T WERWIARA AL T R R TR SO pd <
1, A TREERERE 2" =2 — VR, (2)
AP R RE S x

wiE, fibfAEmE R ETIHEN T ES
AN HEISRIE, 50RO R
AL, X — HAR AT  y ukE R ARUBE IV R ., (2)
TEM B S R TR EN A S, W

VR, (z) =VR,(z), FrllpHHCHk [20] F %
VL. B 5 o 5 UE W AT L7 )

VR [< FR.[< @9 n] (6)
UG, A4S M 0 FIA . IR EL S Fls 4D,
B2 S5 3 (T 00 9 0 9 o B 0 3 A
WYL AR OE Ak 4 P B R A A
R ILEE

2 BEMERERST

2.1 iFMiEtR

A5 5 B TS bR R

Relative error: =dist(z,x) /| x| D)

H, x € RO AFFEMBHRAMERFS, & X
Relative error << 10°° R EM AT,
2.2 BHERIE

S E JFAE T KB o =100 BY Bl HLAR
S MEERH m=3n, FEERRET 500,
FEM B 25 Rtk ) s = 0. 01, W& A 1E (0,
10max(y,)) WHIHLIEIR W 2 FE T, K1 k0
B IRGE R B, 5 AR K R AT AR 2 S
(B THIE BN A 280 0K 5 g )55 5 .
2.3 MR HEREXT L

i B X L gy 2 BT EE O T AR A1
AR K &5k B W0 46 1k O . R I ) 46 1k
(Spectral Initialization) H " FWiH1E (Null
Initialization) J5 3" | FANAL S5 K AH X bR A6 7
PEDOR P B AR T R o T HE Y O
SR R TR I T SR P I HERE S . T E
TR, WEMESKE 2 A 1000 ] 5 000 H] b
200 YIS HUE . D e TEARI B B H m =



%3 SEE T AETT 0 A v {E EBOM o7 46 28 55 1 47
4 HRJLF R Ge A AR L, AR R Tk B A
SO R B PR, i H BE A R AE S R s,
2 | | AP R AR AR E
| L "
= LU AL | _ —— I
21 i (ﬁ 184 = LliafEe
= e o TR
I | [ | | P EUBGE ) IR TR
. l Lol AR L
1WWWWF
-4 2z
0 40 80 120 160 200 L
fir >
(a) RIZS f oot oo o te oot tee ey
19600 2000 3000 4000 5000
- fESKE
B2 imiiaexttt
Fig. 2 Comparison of initialization performance
10k
5
= . 2.4 AEANELETEEMEBEXTL
P ELSL 5 v BT R BB O ¥R S B R R R AT
0 et o Ao AR AR R A R R Tk, BEE T E E
93 Wirtinger i (Median-RWF) 20, o (f #
0 om0 B Wirtinger # (Median-TWF) 513%™, # 5
AT s 325 S[13] £ Wirti
(b) AR & Wirtinger i (TWEF) 85 DL K & # Wirtinger
. (Roubust-WF) B3k FrA &)l 2 19 2 8L
4 YU R X N SCR B 4 AE B S8 AR L b [ e
| S5 S K 7 100, B TCAHI & LR m /n
2 | ‘ M 1~6 LL 0.1 K[l B py 45 Ul . B4 D i bR
= [ TR B TR IE AT 5 000 IR SRR R SL8 5 B
2o UW BRI, BAh . BT S EREAROR T R N
T m 500, [&] 3 k4% ol [m] 2 AH 407 A 2% 050 1k B R B ) %6 i
= ToAR I A b 3 1 28 Al 2
- - - HEMET :
4 - . WMP‘A‘
0 40 80 120 160 200 08 o i
{55 S8 ’ f /‘
(o) BESSEMESHE % o0 I
Xo.
Fig. 1 Verification of validity i 04 '
T —e— WMT
02 —a— Medl:an—RWF
2n—1, HHPSEMENLEs =0.005, XFERTCH ' % Median TWF
I 0 H E 28 4 F B W B R R AT 2 0.0 : —*— Roubust- WF

MES RGO T R EARZE N 100 IWHFEREP 5L
55 P13 8 Relative error W-F¥ME . Kl 2 4 Fh )
U6 AL 7 125 1 00 B Al A DG 5% 22 Bl LA 5 K RE i AR b
Mz, WOFESEI SR LUE . 5 B ATH bk

1 2 3 4 5 6
TCARI
B3 ARLHEMNELLETHEMRINE
Fig. 3 Reconstruction success rates at different

ratio of phaseless measurements



48 FLEAEEA

2024 4 5 A

MAFECES W] LLE . 5 B Ap b #9585
AL, AR CEIEFEAF AN & LR THES
FOMPE R PERE . AL, BfCE TR I L R Y 4
TR A SR G BT R AN W AR IR T
R B E TG EMIE 2, JHh. KX
AR H m 295 T A5 K E 4 500, Bk
Al DLSEEL R 5 100 %6 M B D B4, i e Ath ) 2
D5 B Tk S M, X R A0 S 1k e — T T B T
P B2 2 vh BT R BT A0 45 Ay L, O —
5T U PR A A0 A a2k A R v g o A Ak B A A 42
7 TCARH D A AR S .

2.5 AEAREEKG TE LRI

A7 LS 56 % 95 78 JC AR I 5 A7 78 W i 5 o
THWER T, SA I EEARR LG =5 HET
PR B PERE XS [, 0 B S2 5 v T 3 B X L B
BRI 3 hARE b BRI 2 B R
Wirtinger Jit 5% 75 2250 56 € 11 5 % (8 76 T = &5 SR
R, FEXT LR, WERGESKE 2 R
100, MRAEEH m =8n ., XFEE £ AY B R X
— JCAR b SRR B AT % B A A A T L AR G
PG BTS2 100 %6 WUAR = S, #h Ut W] DL SR G
AEI et b 2R H A B T R R A, S Ah 1 T A
HP SRR s N 0~0.49 LL0.01 N [E] f@
PESHBE . R EMIREN R 0, 9.0 W
BEDLIUE . HP g, =100max(y,) . AR E
o9 T B AL B 2 AT 5 000 IR FFR 2 S
AR R, AR RN ERRE T HREN
500, &l 4 by £ Tl [m] 2 AR A7 A6 28 550 10 T ) o ) %8 B
SHE L AR T £

1.0
f o WA W :mgiTan-RWF
0.8 \ N A ‘.\ —4—Median-TWF
’ ——
< X X x ‘\ +’£§l/1]i)llst—WF
06 ) \\ \
R A WA
ESVLIN I AN 3 A
" A4
\ POYA!
0.2
L Y
0.0 \ RN \'\.
0.0 0.1 0.2 0.3 0.4 0.5
SR AR A

4 TEREELATHEMRIIE
Fig. 4 Reconstruction success rate under

different ratio of outliers

A B S5 R 0] LU Y, 78 5 8 (6 M i HoR
A e 50 (5 B B o0 T, Al DL S 3R R AR 5 1Y
HERIR A, X 5 Fe 4 Hr A0 — B, B xd b3 ik rh
B Median-RWF 5.3 fil Median-TWF 8 ¥ [7] #¢ fiff
FH A A X 0 S E AT 8L B S R AR T,
O BA 5 A SCHE B MM MERE, SCh R E
TIAS A 345 35 G o B kA LU AE PR RE T LA P
B Wirtinger 3 5 16 A & 51X 5 % (5 1 90 i 4
S, PR B E AE SR (R L AR /N B A BT
HALTCE R ) s A A5 5. Ak, BN fEC A
FEEERAE BT, 8% Wirtinger Jii 5 1%
X B0 B TR PR REAT) 22 T SC P TR S B SRk

3 H&FRiE

BEXH R B S R (T A0 R B9 BE LA AL AR R, 1R
H T — 0 ] v 4RI i A B s A 4 R A T
BREETR B AR AL L . o R B R (EAE O IE
D) A 9 X 0 AR 0 kA 48O LA X B S M T
P o AR et D) e e A A B AR B R Y A AL
FOE . WRAN TR T AY I A 0 B A IR T
SECAI A 2% HE B R R AL, AR SO R R 5
RO 4V (= 7/ NP (1 =2 - T
RIS R R ER A A TR T e SV 2
BUE Oy 5P B AT A 3R WY, e AR 7 A5 R
Bon T RS R SR AN H T B B

2% Uk

C1] Zrmkd, &b, AR, 55, BT R -gr s a2l
MR T L] i 505 B oF i, 2016, 38(8):
1991-1998.

(2] ZBkE. 5B, BhAi o0, & 56 T 5540 W il 1 1 B
HESEAAL R FL )], BF 5E B %M. 2017, 39
(7): 1546-1553.

[ 3] Shechtman Y, Eldar Y C, Cohen O, et al. Phase
retrieval with application to optical imaging: a contempo-
rary overview [ J]. IEEE Signal Processing Magazine,
2015, 32(3): 87-109.

[4] Xiong C, Xiao G B. Excitation retrieval for phased ar-
rays with magnitude-only fields measured at a fixed
location[ J]. IEEE Antennas and Wireless Propagation
Letters, 2021, 20(2): 264-268.

5] A, x5, MaER, F REEASTSaRME
BR A AN IR E D7 R[], LA S5 3O06 T/, 2020, 49
(10): 184-192.

[ 6] ZhaoJ, Zhou Y, Zhao ] W. et al. Precision position



5% 3

S WA T PR A Hh R ASBOR (2 A0 3R 5Tk 49

L7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

measurement of PMSLM based on ApFFT and tem-
poral sinusoidal fringe pattern phase retrieval [ ] ].
IEEE Transactions on Industrial Informatics, 2020,
16(12): 7591-7601.

Sk ED, SBAE S, XIBE, AE. BT ISAR FIAH ALK &
B SAR iz 8l ApR & O ik LT]. 55 4L 3, 2020, 36
(4): 541-549.

VPSR, MALIRA . Be AL S]], R ECE,
2022, 44(1) . 1-18.

Ma C, Wang K Z, Chi Y J, et al. Implicit regulariza-
tion in nonconvex statistical estimation: gradient de-
scent converges linearly for phase retrieval, matrix
completion, and blind deconvolution[ J]. Foundations
of Computational Mathematics, 2020, 20 (3): 451-
632.

Gerchberg R W, A. S. W. O. A practical algorithm
for the determination of phase from image and diffrac-
tion plane pictures[J]. Optik, 1972, 35: 237-250.
Candes E J, Strohmer T, Voroninski V. PhaseLift:
exact and stable signal recovery from magnitude
measurements via convex programming[]J]. Commu-
nications on Pure and Applied Mathematics, 2013, 66
(8): 1241-1274.

Candes E J, Li X D, Soltanolkotabi M. Phase retrieval
via wirtinger flow: theory and algorithms [ ]J]. IEEE
Transactions on Information Theory, 2015, 61 (4).
1985-2007.

Chen Y X, Candes E J. Solving random quadratic sys-
tems of equations is nearly as easy as solving linear
systems[ J . Communications on Pure and Applied
Mathematics, 2017, 70(5) . 822-883.

Yonel B, Son 1Y, Yazici B. Exact multistatic inter-
ferometric imaging via generalized wirtinger flow[]].
IEEE Transactions on Computational Imaging, 2020,
6: 711-726.

Jiang X, So H C, Liu X Z. Robust phase retrieval
with outliers[ C]//Proceedings of the ICASSP 2020-
2020 IEEE International Conference on Acoustics,
Speech and Signal Processing (ICASSP). Barcelona,
Spain: IEEE Press, 2020: 5320-5324.

Fu N. Zheng P J, Li X D, et al. Weighted phase re-

trieval of Fourier measurement with outliers: meas-

[17]

[18]

[19]

[20]

(21]

(22]

(23]

[24]

[25]

[26]

[27]

urement structure and reconstruction algorithm [J].
IEEE Transactions on Instrumentation and Measure-
ment, 2021, 70: 6501514,

Qu Q, Zhang Y Q, Eldar Y C, et al. Convolutional
phase retrieval via gradient descent [ J]. IEEE Trans-
actions on Information Theory, 2020, 66 (3): 1785-
1821.

Hand P. PhaseLift is robust to a constant {raction of
arbitrary errors[ J]. Applied and Computational Har-
monic Analysis, 2017, 42(3): 550-562.

Yi X Y, Park D, Chen Y D, et al. Fast algorithms for
robust PCA via gradient descent [ EB/OL]. (2016):
1605.07784.

Zhang H' S, Chi Y J. Liang Y B. Median-truncated non-
convex approach for phase retrieval with outliers [ ] ].
IEEE Transactions on Information Theory, 2018, 64
(11): 7287-7310.

Shechtman Y, Beck A, Eldar Y C. GESPAR: efficient
phase retrieval of sparse signals[J]. IEEE Transactions
on Signal Processing. 2014, 62(4): 928-938.

Wang G, Giannakis G B, Eldar Y C. Solving systems
of random quadratic equations via truncated amplitude
flow[]J]. IEEE Transactions on Information Theory,
2018, 64(2) . 773-794.

Zhou Y, Liang Y B, Chi Y J. A nonconvex approach
for phase retrieval: reshaped wirtinger flow and incre-
mental algorithms[J]. Journal of Machine Learning
Research, 2017, 18(1): 1-35.

Chen P W, Albert F J, Liu G R. Phase retrieval with one
or two diffraction patterns by alternating projections with
the null initialization[ J]. Journal of Fourier Analysis and
Applications. 2018, 24(3): 719-758.

Wang G, Giannakis G B, Saad Y, et al. Phase retrieval
via reweighted amplitude flow[ J]. IEEE Transactions on
Signal Processing, 2018, 66(11): 2818-2833.

Balan R, Casazza P, Edidin D. On signal reconstruction
without phase[ J]. Applied and Computational Harmonic
Analysis, 2006, 20(3): 345-356.

Chen J, Wang L, Zhang X, et al. Robust wirtinger
flow for phase retrieval with arbitrary corruption[ J].
ArXiv, 2017 [ Online]. Available: http://arxiv. org/
pdf/1704.06256.

SIRAE BB XE S AT A ST T B RO O 4 R L LT ] T R AR . 2024.8(3) 1 44-49.

Citation: Li X D, Liu G N, Fu N, et al. A weighted median truncated algorithm for phase retrieval with outliers [J]. Astro-

nautical Systems Engineering Technology, 2024 ,8(3) :44-49.



